
Inc. J. Hear Mass Tmnsfer. Vol. 21. pp. 1363-I368 
@ Pergamon Press Ltd. 1978. Printed in Great Britain 

ON THE STAGNATION-POINT IGNITION 
OF A PREMIXED COMBUSTIBLE 

c. K. LAW 

Department of Mechanical Engineering and Astronautical Sciences, 
Northwestern University, Evanston, IL 60201, U.S.A. 

(Received 28 September 1977 and in revisedfirm 8 March 1978) 

Abstract-The ignitability of a cold premixed combustible at the stagnation point of an isothermal hot 
surface is analyzed in the limit oflarge activation energy. Analytical solutions were obtained for the first order 
perturbation, resulting in explicit expressions for the heat transfer at the wall, the temperature and species 
profiles, and most im~rt~tly an ignition criterion which states that ignition is expected to occur when a 
s~tably-defined DamkGhler number exceeds unity. It is further demonstrated that this state corresponds to 
thecase ofzero heat transfer from the wall, which has been intuitively used in the past as the ignition criterion. 

NOMENCLATURE 

air reaction order of i; 

&,A,* coefficients in outer temperature 
expression, equation (30) ; 
constant in reaction rate expression, 
equation (6); 

specific heat ; 
diffusion coefficient ; 
activation energy ; 
stream function ; 
function defined in equation (21) ; 
j = 0 and 1 for two-dimensional and 
axisymmetric flows; 
temperature exponent in reaction rate 
expression ; 
pressure; 
heat release per unit mass of fuel 
consumed ; 
curvature of surface; 
universal gas constant; 
temperature; 
activation temperature, E/R’; 

C,TlQ; 
x and y components of velocity; 
molecular weight ; 
average molecular weight ; 
physical co-ordinates; 
mole fraction ; 
mass fraction ; 

(vFKIviW)X* 

Greek symbols 

@., coefficient for external flow, u, = cue; 

P> heat-transfer parameter, TW - F&, ; 
6, defined in equation (27) ; 
4 DamkGhler number, equation (35); 
E, perturbation parameter, 7$/t; 
% similarity variable; 
0, temperature perturbation in inner region ; 
1, thermal conductivity; 

4 defined in equation (42); 

i% viscosity coefficient ; 

8, stoichiomet~c coefficient, equation (5) ; 

r, transformed independent variable, 
equation (20); 

0, stoichiometric oxidizer to fuel mass ratio; 

P? density; 

X? stretched co-ordinate in inner region ; 

0, reaction rate, equation (6). 

Subscripts 

f, frozen state; 

2, indices for species; 
in, out, inner and outer region ; 
F, 0, P, fuel, oxidizer, and product ; 
W,O, wall; 

00, ambiance. 

I. INTRODUCTION 

THERE have been both practical and fundamental 
interests in the study of the sta~ation-lint com- 
bustion of a premixed gaseous flow. On the practical 
side there are such important problems like flame- 
stabilization and the ignition of a flammable mixture 
by a hot projectile. On the fundamental side 
stagnation-point flow is one of the few chemically- 
reacting flow systems which admit similarity solutions. 
This then greatly facilitates mathematical manipu- 
lation and physical interpretation of the solutions. 

Chambre [l] initiated the theoretical study on 
stagnation point ignition. A first-order, one-step over- 
all chemical reaction is assumed. The ignition criterion 
used, however, is not the rigorous S-curve criterion 
[2,3] but is rather an intuitively motivated one which 
states that ignition is expected to occur when there is 
sufficient chemical heat release in the gas phase such 
that the heat transfer from the hot stagnation point 
ceases, viz. (dT/ay), = 0. Based on observations of the 
behavior of the soIution for the non-reacting case and 
capitalizing on the fact that the non-d~~sion~ 
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activation energy is a large number, the system of 
equations was integrated across the boundary layer 
and an approximate expression governing the ignita- 
bility of the system was derived. 

puax+pcar;_a pq =-co. 

ay ay ( -1 .J 

Sharma and Sirignano [4] obtained numerical 
solutions to the problem, assuming a second order 
reaction kinetics and stoichiometric concentrations 
of the ambient reactants. Non-unity Prandtl and 
Schmidt numbers were used. The ignition criterion used 
is again the state of adiabaticity used by Chambre. 

Energy : 

i = 0, F. (3) 

aT aT a ‘1 ST’ 
pu~+puay-- --; =Q ! 1 ay c, aq, i4) 

Smith et al. [5] numerically obtained both the 
transient and the steady solutions, and demonstrated 
that the upper and lower branches of the S-curve are 
stable to small perturbations whereas the middle 
branch is always unstable. It is further shown that an 
unignited state of weak chemical activity can persist 
even though a temperature maximum exists in the gas 
phase, indicating that the adiabaticity criterion is not 
the correct ignition criterion. 

in which it has been assumed that the pressure and 
viscous heating terms are negligible in equation (4) 
that a single binary diffusion coefficient D exists for all 
species pairs, that the specific heat C, is a constant, and 
that reactions between the fuel F and the oxidizer 0 
leading to the formation of the product P can be 
represented by a one-step overall irreversible reaction 

%[Ol + VF[q-+ \fP[Pl 

Alkidas and Durbetaki [6,7,8] further investigated 
the steady-state system using numerical solutions. In 
particular it was shown [8] that the values of the wall 
temperatures for ignition obtained from the adiabat- 
icity criterion and the S-curve criterion compare very 
favorably. 

which has a reaction rate 
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By further assuming an ideal gas equation of state 

Saitoh [9] also numerically studied the same prob- 
lem and showed the existence of a nearly constant, 
maximum local Damkiihler number, at which the 
response curve changes from the monotonic, to the 
S-shaped, behavior. This state, however, is not the 
extinction limit as indicated in [9]. Rather it is the limit 
separating states in which transitions between nearly- 
frozen and nearly-equilibrium flows are smooth from 
those in which the transitions are abrupt as charac- 
terized by distinct ignition and extinction events. 

p = pR’T/w, (7) 

where W is the average molecular weight W-i = 
C yi/lI$, equation (6) can be written as 

w = ( ~~~~~)(~)l’“+“)T’“-a~-u~) 

x y,“o y;~ e -EiR’T (8) 

In the present investigation we shall perform an 
asymptotic analysis for the steady-state system in the 
realistic limit of large activation energies. Only the 
weakly reactive and ignition states are studied herein. 
As will be shown the resulting governing equations are 
sufficiently simple such that analytical solutions are 
possible. This not only provides an explicit ignition 
criterion but also enables detailed exploration of the 
behavior of the system; in particular we shall 
demonstrate the existence of a close mathematical 
relationship between the adiabaticity and the S-curve 
criteria governing ignition. 

It is significant to note that in equation (6) we have 
used quite a generalized representation of the reaction 
rate, which has arbitrary reaction orders with respect 
to the fuel and the oxidizer, and which depends on the 
temperature through both the Arrhenius factor and a 
power variation T”. It will be shown subsequently that 
explicit solutions are obtained even with this gener- 
alized kinetic expression. Finally, we note that R’(x) 

describes the curvature of the surface such that j = 0 
for two-dimensional flow and j = 1 for axisymmetric 
flow. 

Equations (l)-(4) are to be solved subject to the 
boundary conditions 

u(x, 0) = a(x,O) = 0; u(x. a) = u, ; (9) 

T(x,O) = Tw; T(x, co) = T%‘,; (10) 

11. GOVERNING EQUATIONS 

The steady-state two-dimensional and axisym- 
metric boundary-layer flow for a chemically reacting 
mixture is governed by [4, lo], 

Continuity: 

QuR’) + a(~uR’) _ o, 

ax ay 
Momentum : 

2(x,0)=0; $(x,co)= 8,; (11) 

where ?;, is a constant. 
Using the conventional boundary-layer variables 

s= 
s 

X P,(x’)~_,(x’)u,(x’)R*j(x’)dx’ (12) 
0 

11 = u,R’(2s)-ii2 
s 

Y+,y’)dy’ (13) 
0 

and 

.f(.% V) = $(x, YhmPZ (14) 



On the stagnation-point ignition of a premixed combustible 

where the stream function Jt(x, y) is defined by where 
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such that the continuity equation is automati~ly 
satisfied, it can be shown [4] that at the stagnation 
point equations (2)-(4) are respectively transformed to 

(17) 

with the boundary condition for equation (16) being 

f(0) = f’(0) = 0, f’foo) = 1. (191 

In deriving equations (16)-( 18) it has also been 
assumed that the product pp is a constant, and that the 
Prandtl number &,/rZ and the Schmidt number ~/pD 
are both unity. The constant o( characterizes the 
external flow through la, = MX. 

By further defining a new ~de~ndent variable 

r = ~(~)/~(~~ (20) 

where 

equations (17) and (18) can be ~uivalen~y repre- 
sented as 

and 

where we have used the Shvab-Zeldovich foliation 
to eliminate the production term from one of the 
equations. 

Equation (22) can be readily integrated, yielding an 
explicit relation between 8 and p as 

r; = s;_, + 4;, - (1 - ~)(d~/d~)~ - if: (24) 

Therefore the final equations we have to solve are 
the coupled equations (16) and (23) subject to the 
boundary conditions equations (19) and 

?(t = 0) = &., 4;(i = 1) = pa* (25) 

Equation (23) can also be written in expanded form 
as 

x eeTJT (26) 

B VPWF pw Bo+sF-l 
6 = 2ja w;ofpp jp- ( 1 

Q 
(n+ 1 -ao-ar) 

x- 0 c, c+‘, (27) 

T,, = E/R’, c = vg WG,JvF W,, and &(?‘) is given by 
~uation (24). 

III. ASYM~O~~ ANALYSIS AND RESIJL’IS 

1. Completely frozen solution 
In the limit of infinitely large activation energy, ;I;, 

+ co, the flow field will be completely frozen. The 
solution of equation (26) subject to equation (25) 
shows a linear temperature profile 

T;- = $--/It; (28) 

where fi = ‘& - ?;, is a heat-transfer parameter. Put- 
ting equation (28) in equation (24) reveals the obvious 
fact that the species concentrations are uniform 
throughout, 

&f = &,. (29) 

For large but finite values of T,, chemical reactions 
are expected to initiate first near the hot wall since it 
has the highest temperature in the flow field. However, 
at a short distance away from the wall the slight 
decrease in temperature is sullicient to freeze the 
reactions due to the tem~rat~e-~nsitive Arrhenius 
factor. Therefore the flow field is expected to consist of 
an inner, effusive-reactive region next to the wall, and 
an outer, effusive-conv~tive region away from it. The 
characteristics of these two regions will be analyzed in 
the following. 

In the outer region chemical reactions will be 
assumed to be frozen to all orders. Hence using the 
boundary condition at g = 1, equation (26) shows that 
the perturbed t~~rature profile is still linear, given 

by 

FO”I = ~~+A,(l-r)+&A,(l-r)+0(&2) (30) 

where E = ?“/;i;, is the small parameter of expansion 
for the present problem. 

3. Inner solution 
In the inner region weak chemical reactions take 

place and are r~~nsible for the onset of the ignition 
event. Let the inner variable be x = PC/c: and the inner 
tem~rature dis~bution ?&, be slightly perturbed from 
its frozen value by an amount se&x) such that 

4;” = s’w_ts[6(&-x] +0(s2)* (31) 

Equation (24) then shows that the species distribution 
in the inner region is given by 

s;; = 8, -~(d~/d~)~ + O(a). (32) 

Hence putting equations (31), (32) and the relation 
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e(x) 

0 I 2 3 3 

X 

Temperature perturbation in the inner region for different values of the Damk~~ler number A FIG. 1. 

(Appendix A) 

dH/dn = 1 -O(e3) as q--+0 

into equation (26), we get 

(331 

d2@ A v,-xt 
p= --e 

2 

where 

is the appropriate Damkohler number for the present 
problem. It includes both the conventionally-define 
first and second Damkijhler numbers, and is the 
proper representation for the ratio of the chemical 
effect to transport effect such that A -+ 0 under situ- 
ations of vanishing chemical activity. 

It may be noted that because of equation (33) and 
the appearance of only Hf(co) in equation (35) 
(Ap~ndix A), the solution of equation (34) is com- 
pleteiy independent of the momentum equation equa- 
tion (16). Furthermore, the evaluation of Hf(cc;) 
requires only the zeroth order solution off(n), which is 
governed by equation (16) and 

(36) 

with the boundary conditions equations (19) and (25). 
Fortunately this system of equations has been numeri- 
cally solved in detail [l I]. In particular, the parameter 
Hs(co), which is the only S(rl) related quantity re- 
quired for the present ignition analysis, is simply given 

by 

(37) 

and has been extensively tabulated [ 1 I]. 
Equation (34) is to be solved subject to the 

boundary condition at the wall 

8(O) = 0 i38) 

and a second one obtained through matching with the 
outer solution. This will now be performed. 

4. Matching and,final solution 
Matching the outer and inner solutions in the limit 

of x --f x’$ we have 

= fim ;i‘,+c[W-%I. + 

Hence to the zeroth order we have 

,4, = p 

as should be. To the first order of matching we have 

and 

d@ 

i> djc n> 
= 0. (40) 

Therefore equation (34) is to be solved subject to 
equations (38) and (40), with the perturbation to the 
frozen temperature distribution in the outer region 
given by equation (39). 

The detailed solution of equation (34) is carried out 

in Appendix B, from which it is shown 

where 

,~ _ l+(+P2 
1-(1-A)“” 

i42 k 

Figure 1 shows some typical curves of equation (4 I j. 
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It is seen that for A < 1 two solutions exist whereas for 
A > 1 no solution exists. This behavior indicates the 
occurrence of some critical phenomena, viz. ignition 
for the present case, when A = 1, as will be further 
elaborated in the following. 

5. Response curve and ignition criterion 
From equation (41) it can be easily shown that 

which is plotted in Fig. 2. It is obvious that we have 
obtained the lower half of the S-shaped response curve. 

I.6 
\ I 

1.6 - 

1.4- 

IZ- 

1.0 - 

0.6 - 

0.0 0.2 0.4 0.6 0.8 1.0 

A 

FIG. 2. Response curve showing the maximum perturbed 
temperature as a function of the Damkdhler number A. 

Hence the lower branch in Fig. 2, given by the positive 
root. of equation (41), represents states with weak 
chemical activities. At A = 1, the slope of the response 
curve becomes infinite and ignition is expected to 
occur. The system then instantaneously assumes an 
active burning mode represented by the upper branch 
of the S-curve which is not obtained here. The middle 
branch of the S-curve, given by the negative roots of 
equation (41), represents unstable states. 

It is also of interest to investigate the heat transfer 

from the wall. From equation (41), 

de 0 dxo 
= l~(l-A)“‘. 

Therefore using equation (31) we have 

= T (1 -A)l’z. 

(44 

(45) 

Hence during the weakly burning case there is always 
heat transfer from the wall to the gas. At the ignition 
point A = 1 the heat transfer from the wall ceases. This 
result demonstrates that to first order of accuracy the 
adiabaticity criterion for ignition [l, 43 is exactly 
the S-curve ignition criterion. It also explains the close 
agreement in the ignition states obtained by using both 
criteria [S]. The phenomenon of having an unignited 
state with temperature maximum occurring in the gas 
phase [5] is then strictly a second order effect. This 
observation is probably of a general nature and hence 

applicable to systems other than the stagnation point 
flow. 

An explicit ignition criterion can be obtained by 
substituting A = 1 into equation (35), yielding 

( > 
F H;(co)(Y-&/-j?)(IO(~F,-j?)OP 

X ~#+l-LIcJ-.F)e-r.lZ 2 1 (46) 

for systems in which ignition is expected to occur. 
Finally, it may be noted that for (8, -p) = O(E), 

the first order terms in equation (32) also have to be 
included in the analysis. For such dilute systems, 
however, the response curve is expected to be mono- 
tonic and not exhibiting any distinct ignition event. 
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APPENDIX A 

Evaluations of H(q) related parameters 
First we need to evaluate 

To satisfy the requirements that f (0) = f’(0) = 0 and that 
f “(0) # 0 [12], we assume 

f(V) WV2 as 9-‘0, 
then 
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and 

But since 

therefore 

dH 
- 2 l-O($). 
da 

dH 
- = 1 - O(c3). 
drl 

Next we need to expand If& ). Let f’(q) = fr(~)+~fl(r7) 
+ O(s’), then 

APPENDIX R 

Drrioarion of the iww solution 
We aim tn solve 

d’H,dz’ = -(1\;2)e’” ” (Bl) 

SubJect to 

e(O) = 0. (d@:dx), = 0. (B?) 

Let 0, = I) -- %, then equations (Bl) and (82) become 
z d Hi/dx2 = --(A,2)e”’ 1B3j 

f],(O) = 0, (dfj,;dx), = 1 IB41 

Integrating equation (B3) once and using the boundary 
condition at 1 = r . we obtain 

(dO,/dx) = + [I Ae+]’ ’ !B5) 

Equation (B5) can bc readily integrated by making a further 
transformation with 0, = (1 -Ae”‘)1’2. Integration of the 
resulting equation. using the boundary condition at l = 0, 
finally yields 

SUR LE POINT D’ARRET D’IGNITION D’UN COMBUSTIBLE PREMELANGE 

R&urn&On analyse la possibilite d’ignition d’un combustible premelange et froid au point d‘arret dune 
surface chaude isotherme, dans le cas dune forte energie d’activation. Des solutions analytiques sont 
obtenues pour une perturbation du premier ordre, sous une forme explicite, pour le transfert thermique a 
la paroi, les profils de temperature et d’especes et un critere d’ignition qui etablit que I’ignition apparait 
lorsqu’un nombre de Damkohler convenablement defini depasse I’unite. On montre ensuite que cet etat 
correspond au cas d’un transfert thermique nul a la paroi, ce qui a ete intuitivement suppose dans le passe 

comme le crittre d’ignition. 

STAUPUNKTZUNDUNG EINES BRENNBAREN GEMISCHES 

Zusammenfassung-Die Ziindfiahigkeit eines kalten Brenngasgemisches am Staupunkt einer heiRen 
isothermen Want wird im Bereich hoher Aktivierungsenergie untersucht. Analytische Losungen wurden 
fur den Storungsansatz 1. Ordnung erhalten, welche zu expliziten Ausdriiken fur den Warmeiibergang an 
der Wand, die Temperatur-und Konzentrationsprofile und vor allen Dingen zu einem Ziind-Kriterium 
fiihrten, welches aussagt, daB Ziindung dann zu erwarten ist. wenn eine in geeigneter Form definierte 
Damkohler-Zahl den Wert eins iiberschreitet. Weiter wird gezeigt, dal3 dieser Zustand mit dem Fall 
verschwindender Warmeiibertragung von der Wand zusammenfiillt, der schon in der Vergangenheit 

intuitiv als Zlndbedingung angesehen worden ist. 

0 BOCIIJIAMEHEHMM IIPEfiBAPMTEJIbHO HEPEMEIIIAHHOH l-OPIo=IEH 
CMECM B KPMTMYECKOti TOYKE 

AHHoTaqmr - B pa6ore ananu3upyercn aocnnaMeuaeMocrb xono,asoti npeaeaparenbuo nepehle- 
,,,aHHOk rOpIOYefi CMCCH B KPEiTkfWCKOk TO’fKe H30TePMA’WKU HarpeTOfi nOBepXHOCTIi ,?UlSi 6onbmnx 
3HareHuk 3Heprau aKTclBaqari. llonyseebr ananurli~ectoie peutemifl nnn i303bryrueHKit nepnoro 
ItOpJlnKa, KOTOpbIe IIO-JBOnRlOT yCTaHOBHTb B IIBHOM BIiLle BbIpaX(eHEiR nJIfl TeIlnOnepeHOCa Ha 

CTCHKC, IIpO@inefi T'ZMIIepaTypbl II KOHUeHTpaUHH CMeCB ki, 'tT0 tzan6onee BaW(H0, Lknll K,,llTepUrfl 

BocnnaMeiineMocrcr,cB~neTenbcTsywmero 0 TOM,YTO BocnnaMeHeHHe nposcxojwiT B TOM cnyyae, 

Korfla 3HaYeHAe cooTBeTcTBywwiM o6paaoM onpenenennoro wicna QaMK&nepa 6onbme en4UHKubl. 

nOKa3aHO TaKwte,YTO 3TO COCTORHPie COOTBeTCTByeTCJly'iatQ OTCyTCTBkiSl TeIlnOnepeHOCaOTCTeHKU, 

wznonbsyebforo paHee B KavecTBeKpliTepafl BocnnaMewieh4ocT5i. 


